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Notations

Traditional name

Appell hypergeometric function F,

Traditional notation

Fi(a by, by; € 7, 2)

Mathematica StandardForm notation

Appel | F1[a, by, by, ¢, 7, 2]

Primary definition
07.36.02.0001.01

2 & @y (b (b) 2 2,
Fi(a by, by ¢ 7, 7o) == ZZ Lzl <1A|zl <1

k=0 1=0 (O K!!

Specific values

Specialized values
Values at (24, z,) == (0, 0)
07.36.03.0001.01
Fi1(& by, by; ¢ 0,0)==1
Values at z, ==
07.36.03.0002.01
F1(a; by, by; ¢; 2, 0) = 5F1(a, by; ¢; 2)
Values at z, =1
07.36.03.0003.01
Fi(a by, by ¢ 2, 1) = 5Fi(a, by; ¢; 1) 5F4(a, by c-by; 2)
Values at z, == +2;

07.36.03.0004.01
Fi(a; by, by; €, z, 2 = ,F1(a, by + by; ¢, 2)
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07.36.03.0005.01

E b b . a+l a b c+1l c
(& by, by;¢2 2= (— = 0y ——— = )
1 1, M1 32 2 2 1 2 2

Values at fixed points

For fixed a, b]_, bg, 2, Ip

07.36.03.0006.01

Z, — Z
Fi(a; by, by by + b5 21, 25) = (1 - zg)‘azFl(a, by; by +by; — 2)

— 22

For fixed z1, 2

07.36.03.0011.01

0k (- (BB (7 V[ 7 )
Fa@ by, bia-mz, z) - (1-z) 1z P )1y 2‘( 11)( g )/;neN

oo @—Ny k! Az - 2 —
07.36.03.0012.01
1 . 1 b2
1 11 3 @n+1)z,°2 IE(snt(Vz, | j)
Fl(n+ —N——, =N+ —; 7, 22) =
2 2 2 2 (_ l) 0ij
2/n
07.36.03.0013.01
P Z
1 11 3 on+1 PFEN(VZ )| 2)
Fl(n+£;n+5, 5;n+5;21,22)= T /ineN
1 0
(z)n\/z2 4

07.36.03.0014.01

1 3
Fl(n+ E; n+1,1;n+ E; Z, 22) =

2n+11 0 (DT (M)2n-m)

2n! ”ﬁo(n—m)!(Z\/Z)zn_m

o Va m((Va VE ) VE VE) )

1 1

Zm:(r;])(_l)wj (m_J)! —j+m+1 * —j+m+1
Wz +Vz ) (V& -Vz)

1KY (= 4+ 2K+ 2)p 0 py (L—2) K2
D 2 1)@+ DV e (V2 )@ -2 " ineN
O (-k-D1(2Vz )

07.36.03.0007.01
Zz)
y43

11 13 1
SEESCENR I
22)
4|

2'2" 22 New

07.36.03.0008.01
1113 1
Fl(_; = ==z, 22) =— F(Sin‘l(\/z )
2222 .
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07.36.03.0009.01

1113 1 Z
Fl(—, - = T4, 22) =— Sn_l(\' ) —2)

2'2'2'2 . z

1
07.36.03.0015.01

1 3 tanh_l(\/ z ) vz - tanh_l(\/ % )\/ 2
Fl(_; L1 -z, 22] =

2 2 -2

07.36.03.0016.01

31 5 3 1 Vz 7, — Z
Fl[—; =1 =z, 22] = tanhl[ ! 2 = ]—sinl(\/ vZ) )
2 2 V7, -7 Vi-z !

4

07.36.03.0017.01

51 7
Fi|l = =1 — 71, =

5 4 o Vz; -2
tanh
2 2 2

ANz Z I Vi-z7 Z4|

)
07.36.03.0018.01

F( 111 3 )
n+— -, Ln+—27,%|=
1 2’ 2 2 1s £2

Zl Z_2 1 . X i-1
2n+1 al a n-1 2 -2z \*L I g _ = 1
S L N = 5 Gl T e
z % 4 1-z i—0 j 2 i=0 a0 @'

9 (p-D!(L-2z)>*"*t

() s via v

& (3)
p-1 >
2

p

i i—1 221—22)' 29-2 g+l o 22P(1-22)*P(1-z)PZ"

E 22q+1 Q+ q——[
q= (Zq 1) Hi-wTea Al p=0 p'( )
q-p

07.36.03.0019.01
3 5
Fi| = > 12, 1; 5 121, | ==

3

= - (\/Z (—Ztanh"l(\/Z) Vz -1 +2z - 22) + tanh"l(\/Z) (zy-1)(z + zz))
20-z)Vz z-2)

07.36.03.0020.01

5 7 5
Fl[—;3, 1 -z, zz] - - tanh’l(\/Z) (32+62%2-23)(z -1+
2 2 8(z - 17 Zi/ (z-2)°

\/Z(Sﬁ—?:(222+1)2§+22 (zz+2)zl—8tanh’l(\/z) (zl—l)zw/Zzl+z§))
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07.36.03.0010.01

F (1 ! 11 ) 2 |

- - 11z,|=-Mzl|zn)

135 L 2)=—lZ]a
07.36.03.0021.01

1 3 -7 1
Fl(l; —— 1n+—;z7, 22) =2n+D|D"t | —— tanh
2 2 -1

m+1

n-1 (m+1)2”F2”21T7n(2n—m—2)! -7

n—-m-=1)! -1

. i-m-1
no(-1) z-7z )" -7
Vz - +
Z1‘j+1 ! -1 -1

j=0

m=0

General characteristics

Some abbreviations

07.36.04.0001.01
NT ({ag, @) =~ (-3 eNV —-a, eN)

Domain and analyticity

L—7

D" (L-z)™*
+ —

k

-kt

1-z)"z"t
-1 ]( 'z ni(1-2)
-m-2 72 -m-2
A ] et
-1
j-m-1 k }
—m= j 2j—2k(l_z)—j+ -1 2
+\/Z] > - i
=0 (j—2k!'k!

F1(a; by, by; ¢; 71, 20) isan analytical function of a, by, by, ¢, 1, 2, which is defined in C8. For fixed a, by, ¢, 71, 2,
it isan entire function of b,. For fixed a, b,, ¢, 71, 2, it is an entire function of b,. For fixed by, b, ¢, 71, 2, itisan
entire function of a. For negative integer a, F1(a; by, by; C; 1, 2) degenerates to a polynomial in z;, z,. For nega

tive integer by, F1(a; by, by; C; 21, 7o) degenerates to a polynomial in zof order —by, 1 <k < 2.

07.36.04.0002.01

(@xbyxbyxcxz1x2)—F1(@ by, 0, C 2,2): (CRICRICRCRCRC)—C

Symmetries and periodicities

Mirror symmetry

07.36.04.0003.01

Fi(@ by, by © 7, B) = Fa(@ by, 0y € 21, 2) /i 2 ¢ (1, 0) A 2 & (1, )

Permutation symmetry

07.36.04.0004.01
Fi(a; by, by; € 71, 2o) = Fy(a; by, by; €, 25, 79)

Periodicity

No periodicity

Poles and essential singularities
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With respect to z

For fixed a, by, ¢, in nonpolynomial cases (when —= (—ae NV —bx €N)), the function Fy(a; by, by; C; z1, ) does not have
poles and essential singularitieswith respecttoz,, 1 <k < 2.

07.36.04.0005.01
Sing, (F1(a by, b; €21, ) = {} /s NT(1a bh A1 <k=<2

For negative integer a or byand fixed ¢, zj, j # k, the function F1(a; by, by; ¢; 7, ) is a polynomial and has pole of order
—aor —batz, =0, 1<k=<2.

07.36.04.0006.01
Sing, (F1(& by, b; € 21, ) = {0, —al}} /;

(~aeN*Aa=a)V(-beN" Aa=h)V(-aeN" A-b eN" Aa=min(-a -b)) A\1=<k=2
With respect toc

For fixed a, by, by, 71, 2, the function F1(a; by, by; ¢; 1, 20) has an infinite set of singular points with respect to c:
a) the points ¢ == — k /; k € N are the simple poles with residues (_k—l,)k -Fi(a, b; —k; 2);
b) c == & isthe point of convergence of poles, which isan essential singular point.

07.36.04.0007.01
Sing (F1(a; by, by; € 71, 2)) = {{{-k, 1} /; ke N}, {0, oo}}

07.36.04.0008.01
k

resc(Fa(a; by, by; €, 71, ) (-K) == JF1@ b -k 2 /,keN

k!
With respect to by

Thefunction F(a; by, by; ¢; 1, 2,) does not have poles and essential singularities with respecttoby, 1 <k < 2.

07.36.04.0009.01
Sing, (F1(a by, by ¢ 21, ) = {} / k€ {1, 2)

With respect to a

The function F1(a; by, by; ¢; 1, 2,) does not have poles and essential singularities with respect to a.
07.36.04.0010.01

Sing,(Fy(a; by, by; C; 71, 2)) = {}

Branch points
With respect to z

For fixed a, b, ¢, in nonpolynomial cases (when = (—ae N\ —by € N)), the function F1(a; by, by; ¢; z1, 25) has for fixed
z0r fixed ztwo singular branch points with respect to z,or z: z, == 1, == 0, k=1, 2.

07.36.04.0011.01
BP, (F1(@; by, by; € 71, 2)) = {1, &} /; NT ({a, D) Ak e {1, 2}
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07.36.04.0012.01
Ry, (F1(& by, by; € 21, ), 1) =log/; c—a-beZVc-a-b ¢ Q ANT ({a, b)) Akeil, 2}

07.36.04.0013.01

r
Ry (F1(@ by, by; ¢ 21, ), 1) =s/; c—a—-ly = - /\r € Z/\s— leN* /\gcd(r, ) = 1/\N’T({a, bk})/\ke {1, 2
s

07.36.04.0014.01
Ry (F1(a; by, by € 21, 2), &) ==log/;a-bk e ZV -~ (aeQAbeQ Ake(l, 2}

07.36.04.0015.01
Ry (F1(a; by, by; € 21, 2), ®) = lem(s, u) /; a= g/\bk = 5/\{r, st ue Z/\

s> O/\u > 0/\Icm(3 u) # 1/\gcd(r, S) = 1/\gcd(t, u) == 1/\N‘7’({a, bk})/\ke {1, 2}
With respect toc
Thefunction F1(a; by, by; ¢; 1, z,) does not have branch points with respect to c.

07.36.04.0016.01
BP(F1(a; by, by; C; 21, 2)) = {}

With respect to by

The function F1(a; by, by; ¢; 1, 2,) does not have branch points with respect to by, 1 < k < 2.

07.36.04.0017.01
BPy (F1(@ by, by; € 21, ) = {} ; ke {1, 2}

With respect to a
The function F1(a; by, by; ¢; 1, 2,) does not have branch points with respect to a.

07.36.04.0018.01
BP(F1(a by, by; € 74, ) = {}

Branch cuts
With respect to z;

For fixed a, by, ¢, in nonpolynomial cases (when - (—ae NV —b; €N)), the function Fy(a; by, by; C; z1, 2) isasingle-
valued function on the z;-plane cut along the interval (1, o), whereit is continuous from below.

07.36.04.0019.01
BC (Fi(a; by, by; € 21, 25)) = {{(1, 00), i}} /; NT ({a, by})

07.36.04.0020.01
lim Fy(&; by, by; ¢ X — i€, 2) = F1(& by, b5 ¢ %4, 20) /5 % > 1
e—>+0

07.36.04.0021.01

lim Fq(a; by, by} C; Xy + i€ 2) =
e-»+0

i ol T(a—C+by) h
7@ E (@ by, by € X, 2) + 2ie 71© F1X1X1( % by; by;
) ’ » G ’ Ox1x1 ;a—C+bl+l;C—bl;

1—Xq, 22)/; X >1
I'c-aI'(a-c+b;+1)T'(c—by)

With respect to z,
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For fixed a, b, ¢, in nonpolynomial cases (when = (—ae NV —b, e N)), the function Fy(a; by, by; C; z1, ) isasingle-
valued function on the z-plane cut along the interval (1, o), whereit is continuous from below.

07.36.04.0022.01
BCo,(Fu(a; by, by € 21, 22)) == {{(1, ), i}} /; NT ({a, b2})

07.36.04.0023.01
lim Fq(a by, by, € 21, X —i€) == Fy(a by, by, € 29, %) /; X > 1
e->+0

07.36.04.0024.01
lim Fq(a; by, by} C; 29, X +i€) ==

e~+0

) zljein(a—c-%—bz)ﬂ.r(c) 2 b by
e? @) (b, by; G 21, %) + Féi%i%( . e )
rc-al(@a-c+b,+ 1) (c—by) yC—by 1+a—c+by;

Z, 1—x2)/; Xo > 1
With respect to c
The function F1(a; by, by; ¢; 1, 2,) does not have branch cuts with respect to c.

07.36.04.0025.01
BC(F1(a; by, by; ¢ 71, 7)) = {}

With respect to by

The function F1(a; by, by; ¢; 21, 2,) does not have branch cutswith respect toby, 1 <k < 2.

07.36.04.0026.01
BCh, (F1(a; by, by; € 21, 2)) = {} /1 ke {1, 2}

With respect to a
Thefunction F(a; by, by; ¢; 1, z,) does not have branch cuts with respect to a.

07.36.04.0027.01
BCa(F1(a; by, by; ¢; 71, 2)) = {}

Series representations

Generalized power series

Expansionsat (z;, z) == (0, 0)

For the function itself

07.36.06.0001.01

abizy a(l+ab(l+b)z abz al+abbzz
Fi(a; by, by; € 21, 2p) oc 1+ + + N .\

c 2c(l1+0) c c(l+o
al+a(2+a)by(1+b)bh,Zz al+a)b,(1+by)zZ al+a)+a)b b (1+by)z 2
+ + +
2c(l+c)(2+0) 2c(l+c) 2c(l+c)(2+0)

a(l+a)(2+a)B+ayb; (L+b) b, (1+by) 22

oy 0 0
4c(1+0)(2+0) (3+0) +. i@ 0 Az~ 0
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07.36.06.0002.01

0 o

Fi(a by, ;¢ 7, 20) = ZZ

k=0 1=0

@k (b1 (b2), 2 2,
(C)k+l k1!

Expansionsat z; ==

For the function itself

07.36.06.0003.02
Fi(a by, by € 74, 2)

ab;,Fi(@a+1, by;c+1;2)
oF1(a, by ¢ 2) +

Lzl <1IAlzl <1

a@+1)by(b;+1)F(@a+2 by, c+2;2)
Z+../,(z~0)

C

07.36.06.0022.01
Fi(a; by, by; ¢; 24, 2)

abysFi(@+1, by c+1;2)
2F1(@, ;¢ 2) +

Z +

a@+1)by(by+1)Fi(@a+2 by, c+2 2)

2c(c+1)

Z+0(z)

Z; +
[

07.36.06.0004.01

© (@) (by)y
Fl(a; b]_, bz; C, 71, 2p) == Z J——
k=0 (C)k k'

07.36.06.0005.02
Fi(a; by, by; € 21, 2) o 5F1(a, by; € 2) (1+ O(zy))

07.36.06.0023.01
Fi(a; by, by; € 2, ) = Foo (g, & by, by, €, 22) /;

n (@ (b 2
Fn(zla,b,b,C,Z):: -
[[ ' . ? é (o) k!

(@1 (BDpe1 ifrl

©pan+nt

Summed form of the truncated series expansion.
Expansionsat z, == 0

For the function itself

07.36.06.0006.02
Fi(& by, by; ¢ 71, 2)
aby,sFi(@a+1,by;c+1;2)

2c(c+1)

JFi(@+k, by c+k; zz)ii lilz) <1

2F1(a+ k, b2; C+ k, 22) = Fl(a; b]_, bz; C, 71, 22) —

1x2x1f@+N+1 1, by +n+ 1 by )
F ( crn+lin+2;; az /\nEN

a@+1by(b,+1)5F(@a+2 by;c+2;7)

oF1(a, by ¢ ) + +

C

07.36.06.0024.01
Fi(a; by, by; ¢ 24, 2)

ab,,Fi(@a+1, by;c+1; )
2F1(a, by; ¢ ) + L+

a@+1lby(by+1),Fi(@a+2 by, c+2; 1)

Z+.. ] 0
2c(c+1) 2t/ (220

Z+0(z)

C

2c(c+1)
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07.36.06.0007.01

© (@) (b
Fi(a; by, by; ¢ 24, 20) == 27 SFi(@a+k, by;c+k; zl)ig [zl <1
k=0 (C)k k!

07.36.06.0008.02
F1(&; by, by; € 71, 2p) < oF1(, 1; € 21) (1 + O(22)

07.36.06.0025.01
Fi(a; by, by; € 71, 2)) = Foo(z2, @ b1, b2, €, 71) /;

[[ n (@) (b 2

Fn(z, a, by, by, €, 27) == Z ——SFi(@a+k, by;c+k; z) =Fq(a; by, by; ¢ 71, ) —
o (©Ok!

1

@ni1 01 B caen+ L1 by by +n+

——F1.2%% cin+l:ne 2 2,2 /\neN
(©pyq (N+1)! Sn+2;

Summed form of the truncated series expansion.

Expansionsat z; ==

For the function itself

07.36.06.0009.01

rr@-c+b) >, (by)
Fa(@; by, by G 21, ) == —————— (1—2,)"* ™ > X Fic-a crk—byic-a-by+ L 1-z)%+
I'(@TI(by) ko K!

re)rc—a-by) & (@b
Z SFi(@a+Kk, bl;a—c+b1+1;1—zl)i§
I'c—a) o K!T(c+k—by)

07.36.06.0010.01

r(C)r(a+b1—C) c—bi:c—a b,
Fi(@ by, by C 21, 20) == ——— (1 - C*a*blF““( L TP 17, )
1(@& by, by; ¢ 21, 2) @by (1-2) 011 . c_a— b, +1: c—by: 4,5+
rorec-a-by) , , &, by; by;
[ —— 0><l><l(. . 1z, Zz)
Ic-a)T(c—by) ;a+by—c+1,c—by;
07.36.06.0011.02
Fi(a; by, by; ¢ 24, 2)
roOr@+b -col-z)™ b r@©rc-a-by)
(1-z)""™ (1+0(z1 - 1)) + ——————— 2F1(a by c—by; ) (1 + Oz, - 1))
I'(@T(by) [(c-a)(c-by)
Expansionsat z, == 1
For the function itself
07.36.06.0012.01
r)r@-c+hy) b (by)y
Fi@ by, by cz,2)==——— (1-2,)°%" Z —Fi(c—a,c+k-by;c—a-by+1;,1-2) ii +
I'(@) I'(by) = k!

rer(c—a-by) i (@) (by)y
I'(c-a) kK!T(c+k—-hy)

k=0

JFi@+k bya-c+by+11-2)2
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07.36.06.0013.01

Fer@+b, -0 c-by; by c—a
F.(a; by, by C 24, —— 1- C—a—szlle ( 21 M1, d ,1- )
1(& by, by; ¢ 7, 2) r@Tby 2) 011 . ¢ by c—a—by + 1 z |+
F(C)F(C—a—bz) 11x1 a; blv b2’
s 0><l><l(. e _ ) 21|1—22)
Fc-—a)r(c—by) ;C—byatby-c+1;
07.36.06.0014.02
F1(&; by, by; € 21, 25) o
rerf@+b,—c)(l-z)™ reorc—a-bhby)
(1-2)%2 (1+0(z; - 1)) + ——————— ,F1(@ by; c=by; z) (1 + Oz, - 1))
F@ by Ic—a)T(c—by)

Expansionsat z; == oo

For the function itself

07.36.06.0015.02
I(c) T(by — a)

Fi(@ by, by € 7, ) == ————
r'(c-aT(by)

1 z
(-z7)™? Fl[a; a-c+1,bya-b;+1;, —, —2) +
AR

F(C)( )’bli T'(@a+k—by) (by), F (b b Kol b o1 1)%/ by ¢ Z
— (-2 S ,by—c—k+1,b,—a-k+1;, —|Z/;a-
r@  AKITc+k-b+k - Lo ' z '

07.36.06.0016.02
rerb, -a

r(c-arl(by)

(bl; b,,a-b;;b—c+1,1; 2 1)+
1;C—bl; bl—a.+ 1; Zl’ Z

z 1
Fi(a; by, by; € 74, 25) == (-z)™ Fl[a; b, a-c+1la-by +1; =, _) +

L

I(©I'@a-by)

(—Z )7b1 Fl>>:2>>§2
r@re-by [ p

2
(@a-b)" bz a-b;+1,b,+1b;a-b+11 2 )]/;a—bletz

384
(c—bl)z c-b;+1,2;¢c—by+1; z

07.36.06.0017.02
() T(by — a)

I'(c-aTI(by)

1 I'(c)T(@-by)
Fi(a; by, by; € 21, 2) D

1
OB fryof ) ras
I'(c-by) I'(a)

(—Zl)_a (l + O(
Z

3
Expansionsat z, == co

For the function itself

07.36.06.0018.02
r©T(b,-a)

Fl(a; b]_, b2, C, Zl! 22) ==
r'(c-ayl(by)

1 z
™" Fl[a; a-c+1,bj;a-by+1; —, _) +
L B

I'(c) = T'@+k-hy) (b 1
b Fl(bz,bz—c—k+1;b2—a—k+1; —)ii/;a—bzezz
4]

r@ I KIT(C+k—by +k) °
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07.36.06.0019.02
I'(c)T'(b, — a) a2
Fi(@ by, by C 21, 2) == ————— (=2,)2 Fl(a; b,a-c+la-b+1 —, _) +
Fe-arby) v
lezxz( b 8- b b ot L4 2 i)+
lLc—byb,—a+1; %
— , ; - ; Z
a-hby+1,b;+1ba-by+1,1; —1,21) ia-b¢Z
C—by+1,25¢c-b+1; 2

rora-b)
7(_22) 2 1x1x1

F@TI(c-by)
2
e
(c— by

07.36.06.0020.02
1)\ T@©T@-by) b 1
e e |

I'(c) T'(b, — a)
Fi(@ by, ;¢ 2, ) « ———— —Zz)‘a(1+ O(—
I'(c—a)I'(by) z I'(c—hy I'(@) z

Residue representations

07.36.06.0021.01
Ir'(c & & F@a-s-t) Iy -9 Ty -t)(-z)°(-2)™"
Fua by, by G 22, 29) o= — 0 ZZre@yt[ ( o9l hEa) C2) F(S)F(t))(—j,—k)
I(@ T'(by) [(by) 4 Fc-s-1

Integral representations

On the real axis

Of thedirect function

07.36.07.0001.01

Fi(@ by, by € 7, ) == ———
[@TI(c-a)

Contour integral representations

07.36.07.0002.01

et
£Jr rc-s—t

Fi(a; by, by; ¢ 74, ) =
(27i)* T(a) ['(by) T(by)

larg(-z)l < Alarg(-z)| < 7

Multiple integral representations

07.36.07.0003.01
F(C) 1 1-Xx b-1 b

Fa(@ by, byi € 21, ) = ff '
T e A ) b by Ty Tby Jo Jo L 2

Re(b;) > 0 A Re(b,) >0 A Re(c—b; —by) >0

Differential equations

Ordinary linear differential equations and wronskians

For thedirect function itself

I'(c) 1
f 11 -0* 1-tz) ™ (1-tz) " dt/ Re@ >0ARec-a) >0
0

F'a-s-t)I(Irb; - Irt)rb, -t
(-21) (- ' dsdt;

e (—x—y+ D)l (1 - xz) —yz) 2 dydx/;
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07.36.13.0001.01
°W(zy, 2) oWz, 2) oWz, 2) ?W(zy, 2)

1l-z)zg ——+ (c-(@+by+1)z) ————-bjz, ————+(1-7)z, ———— —ab;w(z, ) =0
1) 41 9 1 1 621 122 (922 1) 22 (921622 1 1, £2 /\
W(zy, 2) oWz, 2) oWz, 2) °W(zy, 2)
1-2)z ———+(c-(@+b+1z) -byz +(1-2)zy —— —ab,w(z, ) =0/,
0 02, 0z 02,02,

W(z, 2) == F1(a; by, by; C; 7, 25)

07.36.13.0002.01
@-Dz@-2W0 3z, )+
(+b+D@-Dz+@-c+b+2 (@ -2z +(C-by+ 1) (z - 1) (21— ) W3z, ) + (by + 1)
(Qa+by+2z1-(@-by + 1) - W0 (z, z) + aby (by + D W(zy, ) = 0/; W(z1, Z) = F1(&; by, bp; € 21, 2)
07.36.13.0003.01
(Z-2) (-1 Wz, 2) +
(C-bi+DZ-2)Z-D+bO+b+ D22 -D+@-C+b+2) (- 2) ) WO (21, ) + (b + 1)
(-c—(@-by+ 1)z +(a+ b+ 2 )W (z, 2) + aby (b + DWWz, 2) = 0/; W(zy, 2) = F1(@; by, by; C; 1, 25)

Identities

Functional identities

Major general cases

07.36.17.0001.01

Z Z
Fa@ by, by €21, 2) = (1-2) ™™ (1-2) ™ Fl(C— a by, by g —11 2 ] iz €1, 0) A2 & (1, )
z-1 -

07.36.17.0002.01
Z -2
Fi(@ by, bz, ) =(1-7)7® Fl(a; c—by -y, by c ' 71 ) iz &, 0) A2 ¢ (1, )
1~ 1~

07.36.17.0003.01
L-73 D

Fi@ by, by cz,2)=(1-2)"2 Fl(a; by, c—by —by; ¢ ) Lizig (@, 0) A2 e (1, )

-1 z-

07.36.17.0004.01

-7
Fa(@ by, by € 23, 2) = (1 - 29)° %P1 (1-25) ™ Fl(C— a,c—by— Dy, by c; 7, )

-1
07.36.17.0005.01
-2
Fi(@ by, by; € 23, 2) = (1 - 29) ™ (1 - 2,)°% Fl(C— a; by, c—by —by; c; T 22)
Z; —

Differentiation

Low-order differentiation

With respect to z

07.36.20.0001.01

OFi(a; by, by;C21,2)  aby
=—"F@+1b;+1,byc+1z,2)
c

0zy
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07.36.20.0002.01
PFi(@ by, by cz1,2)  a@+1)by(b+1)
= Fi@a+2;b;+2,by; c+2; 7, 2)
0z c(c+1)

With respect to

07.36.20.0003.01

OFi(a; by, by;C 21, 2) ab,
=—F@+1b,b+1c+1;7,2)
c

0z,

07.36.20.0004.01
62 Fl(a; bl! bz; C, 71, Zz) a@a+ 1) b2 (b2 + 1)

82% c(c+1

Fi@+2;b;, b +2;c+ 2,7, 2)

Symbolic differentiation

With respect to

07.36.20.0005.02
"Fi@ by, by cz1, ) (@n (b,

07 ©)n

07.36.20.0009.01

Fi(@a+n,n+by, by;c+n;z,2)/,neN

an(z1n+bl_1 Fi(a by, b; C 74, 22))

07
With respect to z,

= (b2 P Fy@ n+by, by G 21, 2) ;nEN

07.36.20.0006.02
"Fi(@ by, by czy, ) (@) (bo)y

02 ©)n

07.36.20.0010.01
b,—1
a" (sz > " Fa(a by, by c 2, 22))

o7

Fi@a+n;b, bo+n;c+n;z,z)/;neN

= (by), 22271 Fi@ by, n+byicz,2)/,neN

Fractional integro-differentiation

With respect to 4

07.36.20.0007.01

O"Fi@ by, by 21, ) _1x2x1( & by, 1; by;
o7 ::QYF(C)lelxo( C;Jl__a;;z 1 Zz)

With respect to z,

07.36.20.0008.01

0"Fi(@ by, by ¢ z1,2) _1x1x2( & by; by, 1;
oz =2"T(0) F1><0><1( c;;ll _Za; 1 2)

Integration
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Indefinite integration

Involving only one direct function with respect to z;

07.36.21.0001.01
c-1
fFl(a; by, b Cazy, 2)dzy == ——— Fi(@a-1;b -1, by c-1az,2)
a(@-1) (b -1

07.36.21.0002.01
c-1
fFl(a; by, by ¢ 21, )dzy == —————Fi(@-1b, -1, by c-1,7, 2)
@-1b; -1

Involving only one direct function with respect to z,

07.36.21.0003.01
c-1
fFl(a; by, by ¢ 2z,a2)dzy==——Fi(@a-1;b; -1, by;c-1;2,a2)
a@-1(b; -1

07.36.21.0004.01
c-1
fFl(a; by, by ¢ 2z, 2)dzp == — Fi(@a-1;b;, b -1;c-1; 7, 2)
@-1b-1

Representations through more general functions

Through hypergeometric functions of two variables

07.36.26.0001.01
a; by; by;
. . A 1x1x1 by M1, M2,
Fi(a; by, by; € 21, 2) == Fl>><<0>><<0( o A 22)
07.36.26.0002.01
~l><l><l( a,; bl! b2,

F1(a; by, by; € 21, ) =T(©) F10x0 7, 22)

11

Through Meijer G

Classical casesfor thedirect function itself

07.36.26.0003.01
1-b
0

1-b,

I'© 1114(1-2
F1(&; by, by; € 74, 25) = 0,1.1,1.1,1( 9

- Mt -
F@rbyrby “H1-c . -2)

History
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—P.E. Appell and J. Kampé de Fériet (1926)
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