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Notations

Traditional name

Weierstrass invariants
Traditional notation
{G2(w1, w3), Ps(w1, w3)}

Mathematica StandardForm notation

Wei erstrasslnvari ants[{w;, wz}]

Primary definition

09.19.02.0001.02

o 1 © 1 w3
(Ga(1, w3), Galws, wg)) = {60 » ——————,140 — lm[—] #0
m n—oo (2 Mmw; + 2n (4)3)4 m n—oo (2 Mw;, + 2n (4)3)6 wy
{min}#(0,04 {mn}#{0,04

Specific values

Values at infinities
09.19.03.0001.01
Go(wy, &)° = 27 g3(wy, %)° =0

09.19.03.0002.01
90s(w1, %) ( n ]2

292(0)1, O~O) N

2&)1

09.19.03.0003.01
{9a(0, ), gs(c0, )} = {0, O}

General characteristics

Domain and analyticity

{O2(w1, w3), g3(w1, w3)} is an vector-valued function of w; and ws that is analytic in each component and it is
defined over C%(for w1 # aws, a€R).
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09.19.04.0001.01
{w1 * w3} — {Go(w1, W3), Gz3(w1, w3)} ;1 {CRC}—{CRC}

Symmetries and periodicities

Mirror symmetry

09.19.04.0002.01
{Go(w1, W3), G3(W1, W3)} = {Go(w1, W3), O3(w1, w3)}

Permutation symmetry
09.19.04.0003.01

{G2(w1, w3), P3(W1, W3)} == {Ga(w3, W), Oa(w3, w1)}

Periodicity

{02(1, w3), ga(1, w3)} isaperiodic vector-valued function with period 1.
09.19.04.0007.01

{02(1, w3 +1), 93(1, w3z + 1)} = {Ga(1, w3), Fa(1, w3)}

09.19.04.0004.01
{021, wz + ), ga(1, w3 + M)} == {gx(1, w3), Y3(1, w3)} /;ne Z

09.19.04.0008.01
{92(w1, w3), G3(w1, W3)} == {Qx(w1, W3 + Nwy), O3(wy, w3+ Nwy)t /;Ne”Z

09.19.04.0009.01
{G2(w1, w3), P3(w1, w3)} == {Q2(w1 + Nw3, W3), P3(w1 + Nw3, w3)} /;Nne”Z
Transformation of half-periods
09.19.04.0005.01
{Qola w1 + Bws, y w1 + 6 wg), Ga(@ wy + Bws, ¥ w1+ w3)} = {Go(w1, W3), G3(wW1, w3)} /i {a, B, y, 0} €eZNad—-By==1
Homogeneity

09.19.04.0006.01
1 1
{02A w1, Lw3), P3A w1, Lw3)} == {— Oo(wy, w3), — Galwy, ws)} ideC
A4 A8

09.19.04.0010.01

w w
{92(1: —3) 93(1, —3)} = {0}, W} G (w1, w3), Gs(wi, w3)}

w1 w1

Series representations

Generalized power series

09.19.06.0001.02

i 1 ki 1 w3
(Go(e1, w3), Galwn, wg)} = {60 ) ———— 140 ) —————}/; lm[—) +0
m, N=—co (2 Mmwq + 2n (/.)3)4 m, N=—co (2 mwq + 2n 0.)3)6 w1
{mn}{0,0} {m,n}#{0,0}

g-series
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09.19.06.0002.01

V(1 © k3 Pk 7\ 2 16 &, K gPk ' w3
{G2(w1, w3), G3(w1, w3)} = {20(2w1) — +16 - ,28(2—a)1) E_?,Z‘l—q” }/,q== exp(mw—l)

Other series representations

09.19.06.0003.01

(1 1 152, > 1 1
{Go(w1, w3), Y3(w1, w3)} == {— [—4 + —4] +— ZZ( p + 4],
12 w3 W 2 o (Mwy — Nws) (Mwy + Nw3)
(1 1 B XX 1 1 w3
— —+—+—ZZ[ + ]}/;Im[—):}:O
21610 wf) 8 manalMmwi-nwy)®  (Mwy+nws)’ w1
09.19.06.0004.01
{g2(w1, w3), Ga(wq, wW3)} == { — — — — |m( )i 0
{ 4 m:Z:oonZ;(mw1+nw3)4 m:Z:oonZ;(ma)1+nw3)6} w1
09.19.06.0005.01
1 15 =2 1 1 3B

{o(wy, w3), YWy, W)} ={— — + — —_— = —t+t—= _ /Im( ):{:O
delen ¥ Gl : {12 2 n;mn;_(mwl+nw3)4 216 a)g 8 N=—com=1 (mw1+nw3)6} wq

09.19.06.0006.01

a* 1) %( 1 imTw w
(a1, 02), Ga(es, wa)) = { — [2020300 o+ 12] — {— - - Zo’s(k) q”]} /iq= exp( 2)/\ |m(—3) #0
(U

(ul k=1 216 3 w1 w1

Integral representations

On the real axis

Of thedirect function

09.19.07.0001.01

5 00 7 00
{QZ(wl! wS)l g3((t)1, LL)3)} = {_f t3 (uct, w1, (t)3) +V(t, w1, "‘)3)) dt, _f t5 (U(t, w1, LL)3) —V(, w1, (t)3)) d/t} /,
8 Jo 384 Jo
cosh(t wg) + 2 29 snh(w3)

o a's)
utt, wy, wg) = AVt w1, ws) =
Sinh(z t(wg — a)3)) Sinh(i t(wg + 0)3)) Sin(% t(wq — w3)) Sin(% t(wq + w3))

Differential equations

Partial differential equations

09.19.13.0001.01

0{d (w1, w3), Ga(w1, w3)} 0{dr (w1, w3), Pa(wy, w3)}
w1 +ws +1{4, 6} {o(w1, w3), P3(w1, w3)} =0
(90)1 8(‘)3
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09.19.13.0002.01
0Gs(w1, w3) 0Gp(wy, w3)
w1 + w3 +4 gz(wl, (4)3) =0
dwq w3

09.19.13.0003.01
09(w1, w3) 093(w1, ws3)
w1 + w3 + 693(&)1, w3) == 0
Bwl 6(,()3

Transformations

Transformations and argument simplifications

09.19.16.0001.01

w3 w3
{Ga(w1, w3), Ga(wr, w3)} = {wi*, wi°} {92(1: ;) 93(1: —)}

1 wq
09.19.16.0002.01
{G2(w1, w3+ Nw1), G3(w1, W3+ Nw1)} == {Go(w1, W3), G3(w1, W3)} /iNEZ

09.19.16.0003.01
{G2(w1 + Nw3, w3), G3(w1 + NW3, W3)} == {Go(w1, W3), G3(w1, wW3)} /iNe”Z

Identities

Functional identities

09.19.17.0001.01
6 1 2 (T+1\* 3 (r+1\3 ™4 (T+1)\? ) V2 (T+1)?
A(T) = — A(—) A( ) +2A(—) A[ ] +A(—) A( ) — 2304 A(1) A(—) A( ) +
16777216 2 2 2 2 2 2 2 2

T 4 T+1 3 )
393216 A(E) NG A(T) A = 2 - 2763 /\ 62, 08} = 6oL, ), Gs(L, )}

Differentiation

Low-order differentiation
With respect to w,
09.19.20.0015.01

3 Go(wy, w3), Ga(wy, w3)} W w3

0w, T w3 wi

2
({12, 5} Reverse|{gy(wy, w3), Ga(w, w3)}*"| w3 — {8, 12} {gx(w1, w3), Ga(w1, w3)} {(ws; Go(wy, w3), Ga(wy, ws)))

09.19.20.0001.01
0{g2(w1, w3), G3(w1, w3)} o m 105 & & m }

055t

(9(1)1 n=—ocom=1 (Mw1q + nw3)5 4 n=—oom=1 (Mwq + nw3)7
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09.19.20.0002.01
0{O2(w1, ws), Ga(w1, w3)} { 49, 40inws & Kk 1in'ws & Kk 693}/ q exp( , wa)
- ——1/iQ= T —

dwy w1 w? k=1 (1— q2k)2' 3w? k=1 (1_ q2k)2 w1 wy
09.19.20.0003.01
*{Q2(w1, w3), Ga(w1, w3)} {150 i i m2 735 & & e }
dwi oo me1 (Mg + Nw3)® 4 oo o1 (Mg + Nw3)®

09.19.20.0011.02

00

3
%0 . (1293 w3 — 802 713) /; {2, U3} == {Gp(w1, w3), U3(w1, w3)} A1z == {(w3; Gz, G3)
1

003

2
p (5 03 w3 — 1203 773) /i 92, Gs} = {Go(w1, w3), G3(w1, w3)} A\ N3 == {(w3; G, J3)
wy

With respect to w3

09.19.20.0016.01

d{d (w1, w3), Ga(w1, w3)}

6(1)3
2 21
({12, g} Reverse| (g (w1, w3), Ga(w1, w3)*M| wy — (8, 12} {Ga(w1, w3), Gs(w1, w3)} {(wr; Ga(wy, w3), Ga(ws, ws)))

09.19.20.0004.01

0{ga(w1, w3), Ga(w1, w3)} _ {_30 i i—, e i ii}

8w3

09.19.20.0005.01
A{G(w1, w3), Og(wy, W3)} {4om5i PRk 1Uin” & PRKS }/ . exp( 'ws)
= , Q= L —

dws w? k=1 (1_q2k)2, 3(1)1 k=1 (1_q2k) Wy

09.19.20.0006.01

{Ua(w1, w3), Ya(wy, w3)} _ {150 i i

Bw% m=—co n=1 (mwl +n 0.)3)6

n? 735

09.19.20.0013.02

00

6(1)3

003

6(1)3

Symbolic differentiation

With respect to w,
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09.19.20.0007.01

MGa(w1, w3), Ga(w1, W3)}

0o

5

)

7 (=K (k+5)!mk

{ Z i(—l)k(ms)!rr% }/ -
=3\" e ,Ke
(%Ji 4 o (Mg +nwy)*™ 192 755 (mw; + nws)®*
With respect to w3
09.19.20.0008.01
*{Op(w1, w3), Ga(wr, w3)} {5 i i (-D*k+3)!nk 7 i i (=DK(k+5)!nk et
={ — _— ,Ke
ng 4 oo nmt (Mg +Nw)™ 192 (2= 15 (Mo + nwg)<®
Fractional integro-differentiation
With respect to w;
09.19.20.0009.01
3% Go(w1, w3) 0% Gg(wy, w3) 4 150" & =1 Mmw
{ - - )= { FCom(wr, ~d ™+ —— 3 Z—2F1[1,4 1_a;__1],
dw] dw] 12 20F m—eonmN? Nws
7 I N R Mmw
— FCL (w1, ~6) ;O + —— D Z—ZFl[l, 6,1-a; - 1]}
216 8wg M=—co n=1 n® Nw3
With respect to ws
09.19.20.0010.01
0% (w1, w3) 0" Pa3(wy, w3) n Nw;y
{ } —{ FCL (w3, —4) w3 Z Z—zFl(l 41-a; - )
(9(1.)3 (9w3 12 2u)1 n—_wm:]_ Mwy
71'6 6 w;t o > 1 Nw3
— FCon(ws, —B) w3* " + >y = zFl(l, 61— -—)}
216 w? N=—co m=1 mb Mwq
Integration

Indefinite integration

Involving only one direct function with respect to w,

09.19.21.0001.01

e

w

iy

4

wi+3mnw3wl+3n2w§ P

PP

m=—oo n=1

{f92(wlr w3)dwy, fgg,(wl, wg)dwl} = {

)

\‘

o0
lz
5
3 M=—co

[ee]

w n=

Z m“w1+5n13nw3w1+10mzn w3 w?+10mndw

n3 (Mw; + Nws)® 36 wi

78

wl+5n4

}

wﬁ)/(nS (Mwq + nw3)5) -
1080 w3

Representations through equivalent functions

With inverse function

09.19.27.0001.01

{92, U} == {92 (w1, W3), 93 (w1, ws)} /i lwy, w3} == {w1(92, Ta),

w3(02, 93)}
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With related functions

Involving Weier strass functions
09.19.27.0002.01
{O2(w1, w3), Ga3(wy, wa)} = {-4(e1& +E38, + € &), 4e & €3} /;
{w1, Wy, w3} = {W1(Go, G3), —~wW1(Gos U3) — W3(Q2s U3), W3(Q2, U3)} A\ €1 == p(wn; U2, G3) AN (L, 2, 3}
09.19.27.0003.01
{Go(w1, w3), Ga(wy, W)} = {2(f + G+ €&}), der e &) /;
{w1, Wz, w3} == {W1(Go, G3), ~W1(Go, U3) — W3(Q2s U3), W3(T2, U3)} A\ €1 == p(wn; U2, G3) AN (L, 2, 3}
09.19.27.0004.01

{02, Ga} == {4 (e1 63+ &2 (e + €3)), 4 €1 €38} /;
{w1, w2, w3} == {w1(Gp, G3), ~w1(Ga, G3) — W3(T2, Y3), W3(T2, Y3)} A € == p(wn; G, G3) AN € {1, 2, 3}
09.19.27.0005.01
2
%2 =€+ +6 /, (w1, Wy, w3} = (W1(Ty, a), —W1(Qa, s) — W3(G2, G3), W3(G2, Ga)} A\ € = P(wn; G, G3) AN € (1, 2,3}
09.19.27.0006.01
46} -G8 —0g3=0/;
ke{l, 2, 3} AMws, wa, w3} == {w1(92, G3), ~w1(2, G3) — w3(G2, U3), W3(Y2, Gz)} A\ € == 9(wn; G2, G3) AN € {1, 2, 3}
09.19.27.0007.01
05— 2705 =16(e - &)* (&3 - €’ (& - &)’ /;
{w1, w2, w3} = {W1(Q, G3), —w1(G2, Gs) — W3(G2, Gs)s W3(G2, Go)} /\ & == P(wn; G2, Gg) AN € {1, 2, 3}

Involving theta functions

09.19.27.0008.01

1y 8 4 4 8 ws ;
Oo(wyq, w3) = — (—) (9200, )" = 93(0, @) 92(0, A" +95(0, @) /s T = — /\ q=e""
12 w1 w1

09.19.27.0009.01

20 7\ 8 8 8 w3 ;
Oo(wy, w3) = — (—) (920, )" +93(0, O)° +04(0, @) /s T = — /\q =e™"
3 2(4)]_ w1

09.19.27.0010.01

7 \8(8 4 w3 .
Gs(wy, w3) = (—) (— (9200, ™ + 930, 9)'?) = = (92(0, * + 930, ©)*) 92(0, B)* 93(0, q)“) fit=—\g=e"
2 w1 27 9 w1

09.19.27.0011.01

4 (1 \® w3 .
Go(wy, w9) = — (2—] (3200, " +35(0, ) (950, * + 840, @) (940, * ~ 920, @*) /i 7= — [\ g =™
w1

wq

Involving elliptic integrals and modular functions

09.19.27.0012.01

4(mP-m+ )Km* 4(m-2)@m-1)m+ 1) Km° w3
(G20 w), G, w9) = {—— ———, : ) fim= [_]
wl 27&)1
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09.19.27.0013.01
7T w3

g (2m* -3 -3m+ 2)2 - 10805 (NP - m+ 1)3 1==10/;m== ql(exp[ ]] /\ {w1, w3} == {w1(G2: Y3), W3(F2, Ga)}

w1

Theorems

Transcendentality of one expression with Weierstrass functions

Any a1 w1(Ge, 93) + @2 w3(d2, G3) + @3 {(w1(Q2, G3); G2, U3) + @4 {(w3(T2, G3); U2, G3) + a5 2mi # 0, where ay, a2,
as, a4, as are algebraic numbers, is transcendental.

History

- A. Cayley
—G. Boole (1845)



http: //functions.wolfram.com

Copyright
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http://functions.wolfram.com/Notations/.

Please cite this document by referring to the functions.wolfram.com page from which it was downloaded, for
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http://functions.wolfram.com/Constants/E/

To refer to aparticular formula, cite functions.wolfram.com followed by the citation number.
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